The one-dimensional quantum spin-1/2 model with nearest-neighbor ferromagnetic and nextnearest-neighbor antiferromagnetic interaction is considered. The Hamiltonian is first bosonized by using the linear spin wave approximation, and then is treated by using the Green's function approach. An integral expression of the quantum correction to the classical ground state energy is derived. The critical behavior of the ground state energy in the vicinity of the transition point from the ferromagnetic to the singlet ground state is analyzed by numerical calculation, and the result is −8γ 2 .
I. INTRODUCTION
Low-dimensional frustrated spin models have been intensively investigated both theoretically and experimentally [1, 2] . The one-dimensional (1D) quantum spin-1/2 model with nearest-neighbor ferromagnetic interaction J 1 and next-nearest-neighbor antiferromagnetic interactions J 2 has attracted much attention in recent years [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The growing interest was triggered by experimental studies of various quasi-1D edge-sharing cuprates [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , which can be described by this so-called 1D F-AF model. Its Hamiltonian has a form:
where J 1 < 0, J 2 > 0, and the constant shifts 1/4 is added to secure the energy of the fully polarized state to be zero.
It is known that there is a ground state phase transition at the point α ≡ J 2 /|J 1 | = 1/4 [28] [29] [30] . For α < 1/4, the ground state is ferromagnetic. For α > 1/4, the ground state is an incommensurate singlet with spiral spin correlations. At α = 1/4, the ferromagnetic state is degenerate with the singlet state.
One of the interesting problems in ground state properties is the critical behavior of the ground state energy at this transition point, which can be described by E/N = −aγ β with γ = α − 1/4 and 0 < γ << 1. The coupled cluster method gave E/N ∼ γ 2 [31] . The perturbation theory based on the classical approximation gave E/N = −4γ 2 [32] . However, by using Jordan-Wigner mean field theory, Dmitriev and Krivnov [33] found recently that the critical exponent β should be less than 12/7. Later, they confirmed that β = 5/3 by using scaling estimates of perturbation theory [34] .
According to the previous results, it seems that the critical behavior of the ground state energy in the vicinity of the transition point is still a controversial problem, and more elaborate methods are needed to obtain a definitive result. As an important method in quantum magnetism, the spin wave theory often gives out significant reference results. To our knowledge, however, the spin wave theory in a regular way has not been applied to this problem. In this paper, we try to make up this blank. Compared with previous work, our following treatment is easier and straightforward, and the final results have also some difference.
II. THE BOSONIZATION OF THE HAMILTONIAN
In the classical picture of the ground state of the 1D F-AF model, the spins are vectors which form the spiral structure with a pitch angle ϕ between neighboring spins in the xy plane, and all spin vectors have the same canted angle θ from the z axis. We choose a reference state for the spin wave theory with all spin vectors point along the z axis. So we define The new spin operators η n 's, which are related to the original ones by the following rotational transformation:
where R y (θ) is the rotational operator about the y axis by an angle θ, and R z (nϕ) is the rotational operator about the z axis by an angle nϕ.
Using the new spin operators, the Hamiltonian (1) can be rewritten as
where η ± n = η x n ± iη y n , and the coefficient functions are
Taking the linear spin-wave approximation [35] :
a n , and then the Fourier transformation: a n = 1 √ N k b k e ikn , we obtain the bosonic
Hamiltonian:
where
We note here that the terms containing four Bose-operators have been neglected as usually. The terms containing odd number of Bose operators have been neglected as well according to the treatment in Ref. [33] , because they have no contribution to the energy in the mean-field approximation. It is only based on these approximations that we can obtain the above regular bosonic Hamiltonian, and its effectiveness can be demonstrated by the results derived from it.
III. THE CRITICAL BEHAVIOR OF THE GROUND STATE ENERGY
In the following ,we take S = 1/2, J 1 = −1 and J 2 = α. The energy function E 0 (ϕ, θ) is minimized at
The minimum of E 0 (ϕ, θ) is just the classical ground state energy:
which gives the critical behavior:
In order to obtain the quantum correction to the classical ground state energy, we use the double-time Green's function approach [36, 37] to derive the zero-temperature average
By solving the group of equations of motion for the four Green's functions:
and using the spectral theorem and taking the zero-temperature limit, we finally get:
and where C = √ A 2 − 4B 2 is the pole of the above green's functions.
By taking Eq. (14) and Eq.(15) into the bosonic Hamiltonian (8), we obtain the energy function per site including the quantum correction: , we get ϕ = √ 8γ for γ → 0. Finally, the critical behavior of the total ground state energy can be described by the function: to −1.585γ 12/7 of Ref [33] . So from the calculation result, we can predict that the critical behavior of the ground state energy given by Eq. (17) is E(γ)/N = −aγ 2 . The coefficient a is given by a(γ) = −E(γ)γ −2 /N with the limit γ → 0. From Fig.2 , one can predict that a ≈ 8.0.
On the other hand, doing a regular expansion in powers of small parameter ϕ to the fourth order, and taking α → 1/4, we obtain A − C = F 2 (k)ϕ 2 + F 4 (k)ϕ 4 with the coefficients:
The quantum correction to the classical part of the ground state energy is
which is consistent with the above numerical calculation. However, if we do the expansion to the sixth order, the integral for the coefficient F 6 is infrared-divergent. This fact may implicit the restriction on the effectiveness of our treatment to this model. Nevertheless, our calculations and results derived from Eq. (16) and Eq. (17) seem reasonable, and the whole treatment is straightforward and easier than previous treatments.
In this paper, The ground state energy of 1D F-AF model (1) in the vicinity of the transition point α = 1/4 is considered. Using the linear spin-wave approximation and the green's function approach in a very regular way, we obtain an integral expression Eq. (16) for the ground state energy including the quantum correction. The critical behavior of the ground state energy is described by the function ǫ( √ 8γ, γ + 1/4) in Eq. (17) , and the result is E(γ)/N = −8γ 2 which is compared with the previous results in Fig.1 .
It is known that the total energy of the M-magnon state of the model (1) is E M = −8Mγ 2 [32, 38] . The critical behavior of the ground state energy E/N = −8γ 2 means that N noninteracting magnons are created in the ground state.
